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By applying a compressive uniaxial deformation on the α−T3 lattice, which interpolates between
honeycomb lattice (α = 0) and dice lattice (α = 1), the Dirac cones move toward each other along
a given direction, merge and a gap opens while the flat band remains unchanged. Therefore, the
low-energy spectrum, along this merging direction, exhibits a transition from a linear dispersion in
the Dirac phase to a quadratic dispersion in the gapped phase. However, along the perpendicular
direction the spectrum remains linear. Here we theoretically study the tunneling properties of
particles through a np junction in deformed α − T3 lattice. In the Dirac phase, we find that the
tunneling properties are similar to those of undeformed α − T3 lattice such as the perfect Klein
tunneling at normal incidence for all values of α and the total transparency of the junction, i.e. the
super-Klein tunneling, for α = 1 when the energy is equal to half of the junction height. In the
gapped phase, we obtain an opposite behavior when the junction is oriented perpendicular to the
deformation direction where the perfect Klein tunneling turns into the anti-Klein tunneling effect
for all parameters α and the super-Klein tunneling effect transits to the anti-super Klein tunneling
effect, i.e. the junction is totally opaque.
I. INTRODUCTION
The Klein tunneling (KT) manifests as the perfect
transmission of relativistic particles perpendicular to a
potential barrier of height greater than twice the rest en-
ergy mc2 of the particle (where m is the mass and c is
the speed of light) [1–3]. Therefore, the experimental
realization of the KT in physics particles is unreachable
due to the requirement of an enormous electric field. The
discovery of graphene [4], a single sheet of carbon atoms
arranged in a honeycomb lattice (HCL), has allowed the
experimental realization of the KT in condensed matter
systems [5–7]. This is due to the fact that particles in
graphene behave as chiral massless Dirac fermions with
pseudospin-1/2 which is conserved across the interface of
the barrier [8, 9].
The KT occurs in relativistic materials satisfying the
Dirac-Weyl equation with enlarged pseudospin S >
1/2 [10, 11]. Particularly, a striking transport prop-
erty observed in pseudospin-1 systems is the omni-
directional perfect transmission, called super-Klein tun-
neling (SKT), for an energy equal to half of the junction
height [12–16]. It has been reported that SKT is also
possible in pseudospin-1/2 Dirac materials [17]. The dice
lattice or T3 [18–20], an example of pseudospin-1 systems,
presents the same structure as HCL with an additional
site at the center of each hexagon. The low-energy behav-
ior of the dice lattice is governed by the same Dirac-Weyl
Hamiltonian as graphene, but with pseudospin S = 1.
The corresponding low energy band structure is similar
to that of HCL with an additional flat band at the Dirac
points. The α−T3 model was introduced by A. Raoux et
al. [21] to interpolate between the HCL (α = 0) and the
dice lattice (α = 1). In this lattice, the low-energy be-
havior is governed by the Dirac-Weyl Hamiltonian with
an hybrid pseudospin S = 1/2−1 [22]. E. Illes et al. [10]
have studied the Klein tunneling in the α−T3 model and
have found a perfect transmission at normal incidence
for all the values of α and showed that the transmission
is enhanced with increasing α for other angles of inci-
dence. A paper by Malcolm and Nicol [23] showed that
Hg1−xCdxTe, for a critical value x ≈ 0.17, maps onto
the α− T3 structure for a parameter α = 1√3 .
In contrast to monolayer graphene, particles in bilayer
graphene behave as chiral massive Dirac fermions and
exhibit total reflection when normally incident on a po-
tential barrier. This effect, known as anti-Klein tunneling
(AKT) [8, 24–26], is a consequence of the pseudospin con-
servation between incident and reflected particles. The
AKT is also possible in other relativistic materials such
as deformed honeycomb lattice [27], graphene in the pres-
ence of strong Rashba spin-orbit coupling [28] and semi-
Dirac materials [29]. Omni-directional perfect reflection,
the counterpart of the SKT found in pseudospin-1 sys-
tems, has been observed in phosphorene [30]. This effect,
called anti-super-Klein tunneling (ASKT), is related to
the fact that the pseudospins of the incident and trans-
mitted electrons are antiparallel.
Under the effect of a uniaxial deformation on the HCL
the Dirac points are shifted away from the K and K ′
valleys. For a sufficiently strong deformation, the two
Dirac points merge into a single one and a gap opens
[31–37]. This merging of Dirac points signals a topo-
logical transition from a semi-metallic to an insulating
phase. Therefore, the low-energy spectrum, along this
merging direction, exhibits a transition from linear to
quadratic dispersion while the dispersion remains linear
along the perpendicular direction. Particularly, at the
merging point, known as semi-Dirac point [38], the dis-
persion is linear in one direction and quadratic in the
other. In a tight-binding picture, the moving and the
merging of Dirac points can be made by tuning one of the
2three nearest-neighbor hopping parameters in a HCL[32]
which is not possible in graphene due to its high stiff-
ness [33]. However the merging of the Dirac points may
be observed in other graphene-like systems, known as ar-
tificial graphenes [39], such as ultracold atoms trapped
in a honeycomb optical lattice [36], microwave photonic
crystals[40] and for a review see [41].
The effect of the deformation of HCL on the elec-
tronic transport has been investigated [27, 29, 42–45].
A transition from KT to AKT has been reported in
such deformed HCL by controlling the strength[27] or
the direction[29, 43] of the deformation. This is re-
lated to the effective mass of the Dirac fermions who
undergoes a transition from massless to massive Dirac
fermions. This transition has been studied in other ma-
terials such as double-Weyl semimetals [47] and bilayer
graphene [26, 46, 48]. To the best of our knowledge, the
transition from SKT to ASKT has not been studied.
In this paper, we theoretically study the Klein tunnel-
ing in a deformed α−T3 lattice. We focus on the effects of
the deformation and the parameter α on the transmission
across a np junction. When the junction is oriented per-
pendicular to the deformation direction, we distinguish
three phases when a continuous compressive uniaxial de-
formation is applied on the α − T3 lattice. The first,
namely the Dirac phase, where we show that tunneling
properties across the np junction such as KT, SKT and
the α-dependent transparency of the junction are similar
to those reported in the undeformed α−T3 model[10]. In
the second phase, called the semi-Dirac phase, we notice
that the intervalley scattering destroys the KT and the
SKT found in the Dirac phase. When the Dirac cones
merge, the regime of AKT is observed when the junction
is perpendicular to the deformation direction for all the
values of α. Interestingly, a transition from the SKT to
the ASKT in the dice lattice (α = 1) can be realized by
the rotation of the junction at the merging point or by
a continuous uniaxial deformation perpendicular to the
junction.
The paper is organized as follows. In section II, we
introduce the deformed α − T3 model and discuss the
influence of the uniaxial deformation on the energy spec-
trum and the wave functions. In section III, we present
the transmission probability and the conductance calcu-
lations in the three phases and for the two orientations
of the np junction with respect to the deformation di-
rection. In section IV, we show and discuss our results.
Conclusions are given in Section V.
II. LOW-ENERGY BAND DISPERSION OF
THE DEFORMED α− T3 MODEL
Graphene is characterized by a honeycomb lattice
(HCL) formed by a regular arrangement of two sites,
labeled A and B, connected with a hopping amplitude
t. Starting from HCL lattice, the dice lattice (T3) is ob-
tained by adding a site C, in the center of each hexagon,
connected to one of the two inequivalent sites (for exem-
ple B) with a hopping amplitude tBC = tAB =
t√
2
.
In the α − T3 lattice, the site B is coupled to the
three A sites via the hopping amplitude t
~δi
AB = t cosϕ
and to the three C sites via the hopping amplitude
t−
~δi
BC = t sinϕ, where
~δi(i = 1, 2, 3) are the vectors con-
necting the nearest-neighbors sites. By applying a com-
pressive uniaxial deformation on the α−T3 lattice along
the ~δ1 direction (y direction), the corresponding hopping
amplitudes are modified and they are, respectively, given
by: t
′ ~δ1
AB = λt
~δ1
AB and t
′−~δ1
BC = λt
−~δ1
BC (see Fig.1). The
parameter λ ≥ 1 measures the strength of the lattice
deformation.
FIG. 1. (Color online) Schematic representation of the de-
formed α − T3 lattice. There are three sites A, B and C
in each unit cell. The hopping amplitudes between A and
B sites are λt cosϕ (λ > 1) along the deformation direction
(red thick lines) and t cosϕ in the other directions (black thin
lines). The hopping amplitude connecting B to C is λt sinϕ
along the deformation direction (red dashed thick lines) and
t sinϕ (black dashed thin lines) in the other directions.
Following the nearest-neighbor tight-binding model,
the Hamiltonian describing the electronic properties of
this system reads as follows [21, 50]:
Ho =

 0 cosϕfλ(~k) 0cosϕf∗λ(~k) 0 sinϕfλ(~k)
0 sinϕf∗λ(~k) 0

 (1)
where fλ(~k) = t(λe
−i~k ~δ1 + e−i~k ~δ2 + e−i~k ~δ3)[50]. ~δ1 = a~ey,
~δ2 =
a
2
(√
3 ~ex − ~ey
)
and ~δ3 =
a
2
(−√3 ~ex − ~ey) are the
vectors connecting the nearest-neighbors sites with a is
the intersite distance.
The energy spectrum consists of a flat band E = 0 and
two dispersive bands E = s | fλ(~k) |, where s = ± is the
3band index. The corresponding eigenfunctions read:
Ψ0λ(~r) =

 sinϕeiθλ0
−cosϕe−iθλ

 ei~k~r (2a)
Ψsλ(~r) =
1√
2

 cosϕeiθλs
sinϕe−iθλ

 ei~k~r (2b)
where the phase θλ = arg(fλ(~k)).
The particularity of this model, for a given λ, is that
the energy spectrum is independent of the parameter α
which is not the case for the eigenfunctions.
Let us now discuss the effect of the strength of defor-
mation λ on the band structure of the deformed α − T3
lattice. For λ = 1, we are in the case of the undeformed
α−T3 lattice. The energy band spectrum, at low energy,
is described by linear bands touching at the K and K ′
valleys of the Brillouin zone. This situation is similar
to that encountered in graphene but with an additional
flat band at E = 0 [21]. In the case of 1 < λ < 2, the
Dirac cones are no longer at the K and K ′ points but ap-
proach each other along the kx direction as λ increases.
The new positions of Dirac points D± are determined
from the condition fλ(~kD±) = 0. When λ = 2, the Dirac
points D± merge into the M
(
2π
a
√
3
, 0
)
point and a gap
opens for λ > 2.
Here, we are interested on the low energy hamiltonian.
At the vicinity of the Dirac points Dξ (ξ = ±) with
1 ≤ λ ≤ 2, the function fλ(~k) is given by:
fλ( ~δk + ~Dξ) =
~
2δk2x
2m
+ ξ~vxδkx − i~vyδky (3)
where m = 4~
2
3λa2t and the velocities along the x and y
directions read:
vx =
√
4− λ2
3
vF , vy = λvF (4)
with vF =
3at
2~ is the Fermi velocity in the undeformed
lattice [31]. We have included the quadratic term in δkx
because the linear term vanishes when λ approches 2
[27]. For λ > 2 the term vx becomes imaginary and
the corresponding Hamiltonian cannot describe the sys-
tem. Thereafter, we write the function fλ(~k) around the
M point by making the change kx = δkx−kM , ky = δky:
fλ(~k) = ∆+
~
2k2x
2m
− i~vyky (5)
where kM =
ξmvx
~
is the position of the Dξ point rela-
tively to the M point and ∆ = λ
2−4
2λ t is the gap param-
eter. The Hamiltonian (1) with fλ(~k) given by Eq. (5)
describes the physics of the system for all the values of
λ ≥ 1 and can be written as:
Ho =
(
∆+
~
2k2x
2m
)
Sϕx + ~vykyS
ϕ
y (6)
where the pseudospin matrices read:
Sϕx =

 0 cosϕ 0cosϕ 0 sinϕ
0 sinϕ 0


Sϕy = i

 0 −cosϕ 0cosϕ 0 −sinϕ
0 sinϕ 0


(7)
Note that this Hamiltonian reproduces the universal
Hamiltonian obtained by G. Montambaux et al. [32] in
the case of graphene (α = 0).
The variation of ∆ (or λ) gives rise to three distinct
phases as shown in Fig. 2. For ∆ < ∆o < 0 and an
energy E << |∆|, we can neglect the quadratic term in
δkx from Eq. (3) and the low energy spectrum is formed
by two separate Dirac cones located at D± with a flat
band (Fig.2) which is called the Dirac phase [44]. In
this case, the Dirac cones are anisotropic with different
velocities in the x and y directions (Eq. (4)) where the
particles behave as massless Dirac fermions. For ∆o <
∆ ≤ 0 and an energy E ∼ |∆|, we are in the semi-Dirac
phase, the linear and quadratic terms in Eq. (3) indicate
the coexistence of massless and massive particles in the x
direction. The gapped phase appears for ∆ > 0 where the
particles are massive along the x direction. Particularly,
at ∆ = 0, the band structure is linear in the ky direction
and parabolic in the kx direction with a flat band E = 0
(Fig.2) which is called the α− T3 semi-Dirac model [50].
Note that the dispersion relation is linear along the y
direction in all phases as depicted in Fig. 2 and the
particles behave as massless Dirac fermions. Finally, the
flat band is robust to the deformation.
III. TRANSMISSION PROBABILITY
We study the particle transmission through a potential
step (np junction) of a height V0 with two orientations:
parallel (y axis) and perpendicular (x axis) to the defor-
mation direction.
A. Tunneling along the x direction:
Here, we calculate the transmission probability across
the np junction perpendicular to the deformation direc-
tion (along the x direction) in the three phases shown in
Fig. 2. The potential is modeled by:
V (x) = VoΘ(x) (8)
4FIG. 2. (Color online) The energy spectrum of the deformed α− T3 model for various ∆ (or λ ). The black lines indicate the
energy E of the particles. The Dirac phase: ∆ < ∆o < 0 and E << |∆|. The semi-Dirac phase: ∆o < ∆ ≤ 0 and E ∼ |∆|.
The gapped phase: E > ∆ > 0.
where Θ(x) is the Heaviside step function.
The potential step is sharp but is assumed to vary over a
length scale larger than the in-plane interatomic distance
and smaller than the electron wavelength so that it does
not induce the intervalley scattering. The potential step
is uniform along the y direction so that the y component
of the wave vector is conserved. The wave function can
thus be written as Ψ (x, y) = ψ (x) eikyy. Solving the
Schro¨dinger equation [Ho + V (x)]ψ (x) = Eψ (x) with
the Hamiltonian (6) for a given energy 0 < E < Vo,
the transverse momentum ky and the gap parameter ∆,
there are four possible longitudinal momenta kξηx = ξkxη
(qξηx = ξqxη) in region n (p) which are written as:
kxη =
√
2m
~2
√
−∆+ η
√
E2 − ~2v2yk2y
qxη =
√
2m
~2
√
−∆+ η
√
(E − Vo)2 − ~2v2yk2y
(9)
where ξ = ± denotes the two Dirac points and η = ±
indicates the two longitudinal momenta kx± (or qx±) on
both sides of a Dirac point. This wave vector can be
real or imaginary representing respectively a traveling
or an evanescent wave. The corresponding normalized
eigenstates in the n and p regions are of the form:
ψ(ξη)n (x) =
1√
2

 cosϕeiθ
η
1
sinϕe−iθ
η

 eikξηx x (10a)
ψ(ξη)p (x) =
1√
2

 cosϕeiφ
η
−1
sinϕe−iφ
η

 eiqξηx x (10b)
where cos θη = η cos θ, sin θη = − sin θ, cosφη = η cosφ
and sinφη = − sinφ with:
θ = arg
[√
E2 − ~2v2yk2y + i~vyky
]
φ = arg
[√
(E − Vo)2 − ~2v2yk2y + i~vyky
] (11)
These phases indicate the directions of the pseudospins
in the n and p regions (see Fig. 3) which are given by:
〈Sx〉ηn =
〈
ψξηn
∣∣Sϕx ∣∣ψξηn 〉 = η cos θ
〈Sx〉ηp =
〈
ψξηp
∣∣Sϕx ∣∣ψξηp 〉 = −η cosφ
〈Sy〉ηn =
〈
ψξηn
∣∣Sϕy ∣∣ψξηn 〉 = sin θ
〈Sy〉ηp =
〈
ψξηp
∣∣Sϕy ∣∣ψξηp 〉 = − sinφ
(12)
When kξηx and q
ξη
x are real, the corresponding group ve-
locities along the x direction in regions n and p are given
by:
vξηxn =
1
~
∂E
∂kξηx
=
~
m
ξη
E
kxη
√
E2 − ~2v2yk2y
vξηxp =
1
~
∂(E − Vo)
∂qξηx
=
~
m
ξηqxη
(E − Vo)
√
(E − Vo)2 − ~2v2yk2y
(13)
which take respectively the signs of ξη
E
and ξη(E−Vo) . These
group velocities are related to the pseudospins as:
vξηxn =
~
m
ξkxη 〈Sx〉ηn
vξηxp =
~
m
ξqxη 〈Sx〉ηp
(14)
There are three situations of the topology of the Fermi
surfaces in each region as depicted in Fig. 3:
(i) When 0 < E < −∆ (0 < |E − Vo| < −∆) the two
Fermi surfaces are disconnected (Fig. 3 (a)) in region n
(p). In this case the two longitudinal momenta kx± (qx±)
are real when |ky| < kmax = E~vy (|ky| < qmax =
|E−Vo|
~vy
).
(ii) When E > −∆ > 0 (|E − Vo| > −∆ > 0) the
Fermi surfaces are partially connected in region n (p)
(Fig. 3 (b)). For the case where |ky| < kin =
√
E2−∆2
~vy
(|ky| < qin =
√
(E−Vo)2−∆2
~vy
) the Fermi surfaces are
connected in region n (p) and the longitudinal momen-
tum kx− (qx−) becomes imaginary while kx+ (qx+) re-
mains real. In the other case when kin < |ky| < kmax
5(qin < |ky| < qmax) the Fermi surfaces are disconnected
as in (i).
(iii) In the gapped phase (E > ∆ ≥ 0 and |E − Vo| >
∆ ≥ 0) the Fermi surfaces are disconnected in the two
regions (Fig. 3 (c)). In this case the longitudinal mo-
mentum kx+ (qx+) is real when |ky| < kin (|ky| < qin)
while kx− (qx−) becomes imaginary.
We also represent in Fig. 3 the group velocities and the
pseudospin texture along the Fermi surfaces in the two
regions n and p.
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FIG. 3. (Color online) Fermi surfaces topology and pseu-
dospin texture in the two regions n and p. Red and blue
denote respectively the forward and backward propagation
given from the group velocities vξηxn and v
ξη
xp along the x direc-
tion (Eq. (13)). (a) The Fermi surfaces are disconnected. (b)
The Fermi surfaces are partially connected. (c) The Fermi
surfaces are disconnected.
The tunneling across the np junction depends on the
topology of the Fermi surfaces in the two regions as illus-
trated in Fig. 4. In the case where the Fermi surfaces are
disconnected in the two regions (kx± and qx± are real)
there are four transmission channels (Fig. 4 (a)). In the
gapped phase the two Fermi surfaces are connected in the
two regions n and p leading to one transmission channel
because the momentum kx− and qx− become imaginary
(Fig. 4 (e)). In the semi-Dirac phase (Fig.4(b-d)) the
Fermi surfaces can be connected or disconnected in the
two regions or connected in one region and disconnected
in the other for a given incident angle (as controlled by
transverse momentum ky). For example in Fig. 4 (b)
there are two transmission channels T± when the Fermi
surfaces are connected in region p (|ky| < qin) and four
transmission channels (as in (a)) when the Fermi surfaces
are disconnected (qin < |ky| < qmax).
The different transmission probabilities can be de-
duced from the case where the Fermi surfaces are dis-
connected in the two regions. In this case the total wave
function is given by:
ψ(x < 0) = ψ(ξξ)n (x) + r
ξ
ξψ
(ξ−ξ)
n (x) + r
ξ
−ξψ
(−ξξ)
n (x)
ψ(x > 0) = tξξψ
(ξ−ξ)
p (x) + t
ξ
−ξψ
(−ξξ)
p (x)
(15)
where tξξ (t
ξ
−ξ) is the intravalley (intervalley) transmission
amplitude (see Fig. 4 (a)) and the same for the reflection
amplitudes rξξ and r
ξ
−ξ. The wave functions ψ
(ξξ′)
n,p (x) are
given from Eq. (10a) and Eq. (10b). a step function
In order to obtain the transmission and reflection ampli-
FIG. 4. (Color online) Schematic representation of the trans-
mission probabilities for different topologies of the Fermi sur-
faces. The arrows represent the group velocities vξηxn and v
ξη
xp
along the x direction (Eq. (13)). The horizontal dashed
lines indicate the boundary between the connected and dis-
connected Fermi surfaces. (a) The Fermi surfaces are discon-
nected in the two regions n and p: four transmission proba-
bilities T±± . (b) The Fermi surfaces are disconnected in region
n and partially connected in region p: two transmission prob-
abilities T± when |ky | < qin and four transmission probabil-
ities T±± when qin < |ky | < qmax. (c) The Fermi surfaces are
partially connected in region n and disconnected in region p:
two transmission probabilities T± when |ky| < kin and four
transmission probabilities T±± when kin < |ky | < kmax. (d)
The Fermi surfaces are partially connected in the two regions:
one transmission probability T when |ky | < min(kin, qin) and
four (T±± ) or two (T± or T
±) transmission probabilities in the
other values of ky. (e) The Fermi surfaces are connected in
the two regions: one transmission probability T .
tudes, we need the matching conditions at the interface
x = 0. For that, we make the integral and the double in-
tegral of the eigenvalue equation HΨ(x) = EΨ(x) over
6an interval [−ǫ, ǫ] by taking kx = −i∂x and sending ǫ to
0 we find:
Sϕx ∂xΨ(0
+) = Sϕx ∂xΨ(0
−) (16a)
SϕxΨ(0
+) = SϕxΨ(0
−) (16b)
To evaluate the transmission probabilities, we need to
introduce the probability current. Starting from the
Schro¨dinger equation HΨ = i~∂tΨ and using the proba-
bility conservation equation ∂t |Ψ|2 + ∇.J = 0, we find:
J[ψ] =


Jx = − ~2m Im [∂xψ∗B (ψA cosϕ+ ψC sinϕ)]
+ ~2m Im [ψ
∗
B (∂xψA cosϕ+ ∂xψC sinϕ)]
Jy = −vyIm [ψ∗B (ψA cosϕ− ψC sinϕ)]


(17)
where Ψ = (ψA, ψB, ψC)
t
. Note that the matching con-
ditions (Eqs. (16a) and (16b)) correspond to the conser-
vation of the probability current traveling the x axis. All
the possibilities for transmission and reflection probabil-
ities are given in Appendix A.
Since we have the transmission probability we can de-
duce the conductance using the Landauer-Bu¨ttiker for-
mula [51]:
Gx = 2Go
∑
ky
Tx(ky) = 2Go
Ly
2π
∫ +kmax
−kmax
Tx(ky)dky (18)
where Tx is the total transmission probability given from
Eq. (A5), kmax =
E
~vy
, Ly is the width of the sample in
the y direction, Go =
e2
h
and the factor 2 accounts for
the spin degeneracy.
B. Tunneling along the y direction:
Now, the np junction is oriented along the deformation
axis (y direction) and is modeled by:
V (y) = VoΘ(y) (19)
where Θ(y) is the Heaviside step function.
The potential step is uniform along the x direction
so that the x component of the wave vector is con-
served. The wave function can thus be written as
Ψ (x, y) = ψ (y) eikxx. Solving the Schro¨dinger equation
[Ho + V (y)]ψ (y) = Eψ (y) with the Hamiltonian (6) for
a given energy E, transverse momentum kx and gap pa-
rameter ∆, we find two longitudinal momenta kηy (q
η
y) in
region n (p) which are given by:
kηy =
η
~vy
√
E2 −
(
∆+
~2k2x
2m
)2
qηy =
η
~vy
√
(E − Vo)2 −
(
∆+
~2k2x
2m
)2 (20)
where η = ± denotes the two longitudinal momenta.
The corresponding normalized eigenstates in n and p re-
gions are given by:
ψηn(y) =
1√
2

 cosϕeiθ
η
y
1
sinϕe−iθ
η
y

 eikηyy (21a)
ψηp (y) =
1√
2

 cosϕeiφ
η
y
−1
sinϕe−iφ
η
y

 eiqηyy (21b)
where cos θηy = cos θ, sin θ
η
y = −η sin θ, cosφηy = cosφ,
sinφηy = −η sinφ with θ and φ are given from Eq. (11).
These phases indicate the direction of the pseudospin in
the n and p regions (see Fig. 5) which are given by:
〈Sx〉ηn = 〈ψηn|Sϕx |ψηn〉 = cos θ
〈Sx〉ηp =
〈
ψηp
∣∣Sϕx ∣∣ψηp〉 = − cosφ
〈Sy〉ηn = 〈ψηn|Sϕy |ψηn〉 = η sin θ
〈Sy〉ηp =
〈
ψηp
∣∣Sϕy ∣∣ψηp〉 = −η sinφ
(22)
When kηy and q
η
y are real the corresponding group veloc-
ities along the y direction in n and p regions are given
by:
vηyn =
1
~
∂E
∂kηy
= vy 〈Sy〉ηn
vηyp =
1
~
∂(E − Vo)
∂kηy
= vy 〈Sy〉ηp
(23)
The group velocities and the pseudospin texture in the
two regions n and p are shown in Fig. 5 for different
values of the energy E and the gap parameter ∆. The
total wave function in the two regions of space is given
by:
Ψ(y < 0) = ψ+n (y) + rψ
−
n (y)
Ψ(y > 0) = tψ−p (y)
(24)
where r and t are respectively the reflection and the
transmission amplitudes. In order to determine the
matching conditions, we integrate the eigenvalue equa-
tion [Ho + V (y)] Ψ(y) = EΨ(y) over the interval [−ε, ε]
by taking ky = −i∂y and sending ε to 0 we find:
SϕyΨ(0
+) = SϕyΨ(0
−) (25)
This matching condition ensures the conservation of the
current probability along the y direction given by Eq.
(17). We calculate the transmission amplitude t by using
the above matching condition at the interface y = 0.
Details of the calculation are given in Appendix B. The
transmission probability is given by Ty =
|Jy[ψ−p (y<0)]|
|Jy[ψ+n (y>0)]| =
sinφ
sin θ |t|
2
and is expressed as:
Ty =
β+ − β−
β+
(26)
7The coefficients β± are written as:
β± = (sin θ ± sinφ)2 + cos2 2ϕ (cos θ + cosφ)2 (27)
where θ, φ are given from Eq. (11) and the current Jy
along the y direction is given from Eq. (17).
n p
FIG. 5. (Color online) Fermi surfaces topology and pseu-
dospin texture in the two regions n and p. (a) ∆ < 0 and
for two energies E < |∆| (green isoenergy) and E > |∆| (ma-
genta isoenergy). (b) ∆ ≥ 0 and for energy E > |∆|. Red
and blue arrows denote respectively the forward and back-
ward propagation given from the group velocities vηyn and v
η
yp
along the y direction (Eq. (23)). We show the transmission
and reflection probabilities Ty and Ry.
Finally, the conductance along the y direction is given
by [51]:
Gy = 2Go
∑
kx
Ty(kx) = GoLx
2
π
∫ kxmax
kxmin
Ty(kx)dkx (28)
with
kxmax =
√
2m
~2
(E −∆)
kxmin =


√
2m
~2
(−E −∆) if 0 < E < −∆
0 otherwise
(29)
where Lx is the width of the sample in the x direction,
Go =
e2
h
and the factor 2 accounts for the spin degener-
acy.
IV. RESULTS AND DISCUSSION
In this section, we discuss our results for the different
phases illustrated in Fig. 2. We start with the Dirac
phase and then we discuss the other phases.
A. The Dirac phase
In this phase the Fermi surfaces are disconnected in
the two regions with 0 < E << −∆. Hence, the
wave vectors given by Eq. (9) can be approximated as
kxη ≈ qxη ≈
√
−∆2m
~2
. From the expressions of the trans-
mission and reflection probabilities given in Eqs. (A4)
and (A2) we can deduce that the intervalley transmis-
sion probabilities vanish T ξ−ξ = 0. Consequently, the
transmission probability Tx along the x direction in the
Dirac phase is the same for the two valleys and is given
from the intravalley probabilities as:
Tx = T++ = T−− = 1−
γ−
γ+
(30)
where the coefficients γ± are given from Eq. (A3). This
transmission probability reproduces the one obtained by
E. Illes et al. [10] in undeformed α − T3 model (λ = 1).
If the potential is along the y direction, the transmis-
sion probability Ty is the same as given by Eq. (30)
where the subscripts x and y are interchanged. In the
following, we consider the valley D+. The parameter
γ− plays a crucial role in the transparency of the junc-
tion who links the pseudospins ~S+n =
(
〈Sx〉+n , 〈Sy〉+n
)
and ~S−p =
(
〈Sx〉−p , 〈Sy〉−p
)
corresponding to the forward
propagations in the two regions as shown in red arrows
in Fig. 3 (a) for the valley D+. Using Eq. (12), the
parameter γ− reads:
γ− =
(
〈Sx〉+n − 〈Sx〉−p
)2
+ cos2 2ϕ
(
〈Sy〉+n − 〈Sy〉−p
)2
(31)
The perfect transmission across the np junction (Tx = 1)
occurs only if γ− = 0 which gives the conditions:
〈Sx〉+n = 〈Sx〉−p ⇒ cos θ = cosφ
cos 2ϕ
(
〈Sy〉+n − 〈Sy〉−p
)
= 0⇒ cos 2ϕ (sin θ + sinφ) = 0
(32)
From these equations and using Eq. (11) there are two
possibilities to get a perfect transmission:
(i) at normal incidence (ky = 0) regardless of the values
of the energy E, the parameter α and the gap parameter
∆.
(ii) for φ = π/4 (α = 1) and E = Vo/2 regardless of
the values of the incidence angle and the gap parameter
∆.
The first case, named the KT, is due to the conservation
of pseudospin 1/2 for the HCL and the conservation of
8pseudospin 1 for the dice lattice. However in the case
where 0 < α < 1, it is due to the conservation of the
hybrid pseudospin [22] Sϕx (Eq. (7)) as shown in Fig. 6.
The second case, which is known as the SKT found in
the undeformed dice lattice (λ = 1) [12], is related to the
conservation of the pseudospin only along the x direction
(see Fig.6). This behavior can be understood from the
boundary conditions [15] given from Eq. (16b) in the
Dirac phase. These conditions require the continuity of
ψB and cosϕψA + sinϕψC . For the dice lattice (α =
1), the second condition is proportional to cos θ = 〈Sx〉
which means that only the continuity of the x component
of the pseudospin is required. We obtain the same results
when the potential step is along the y direction except
that its transparency is governed by the conservation of
the y component of the pseudospin.
FIG. 6. (Color online) Illustration of the transmission proba-
bilities through a np junction in deformed dice lattice (α = 1)
for E = Vo/2. The arrows represent the orientation of the
pseudospins. Red and blue denote the forward and backward
propagation respectively given from the group velocities along
the x direction (Eq. (13)). At normal incidence (ky = 0),
the transparency of the junction (KT) is a consequence of the
conservation of the pseudospin. However, at oblique incidence
(ky 6= 0), the SKT is a consequence of the conservation of the
x component of the pseudospin (dashed black arrows).
Let us now discuss the effects of the deformation and
the parameter α on the transmission probability (Eq.
(30)). In order to simplify the problem, we study the
transparency of the junction at E = Vo/2 and using Eq.
(A3) and Eq. (11) the transmission probability across a
potential step oriented along the x(y) direction reads:
Tx(y) =
1
1 +
v2
y(x)
v2
x(y)
cos2 2ϕ tan2 θ
x(y)
k
(33)
where θ
x(y)
k = arctan
(
ky(x)/kx(y)
)
is the incidence angle
and the velocities vx and vy are given from Eq. (4).
In Fig. 7 we present polar plots of the transmission prob-
abilities Tx and Ty for the Dirac fermion scattered by np
junction along the two directions for λ = 1.2, E = Vo/2
and different values of the parameter α. As mentioned
previously, we observe a perfect transmission at normal
incidence (KT) for all the cases and the SKT for α = 1.
We see from Eq. (33) that the transmission probabil-
ity along the two directions (Tx or Ty) increases when
α = tanϕ increases as shown in Fig. 7. For a given
α 6= 1 and θx(y)k 6= 0, the junction is more transparent
along the deformed y axis Ty > Tx due to the fact that
vx < vy (see Eq. (4)).
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FIG. 7. (Color online) Polar plot of the transmission proba-
bilities Tx and Ty through a np junction as a function of the
incidence angle for λ = 1.2, E = Vo/2 and different values of
α (green for α = 0, blue for α = 1√
3
and red for α = 1). The
step is of height Vo = 0.1t for the two orientations.
To extend the study for all values of the energy E, we
plot in Fig. 8 the conductances Gx and Gy (Eqs. (18),
(28)) as a function of the energy E for λ = 1.2 which are
compared to the undeformed case (λ = 1) and for three
values of the parameter α. From Eq. (18) (Eq. (28)) and
using the change of variable k′y = vyky (k
′
x = vxkx), the
conductance along the x(y) direction in the Dirac phase
is expressed as:
Gx(y)(λ 6= 1) =
vF
vy(x)
G(λ = 1) (34)
where G(λ = 1) is the isotropic conductance of the un-
deformed system. Therefore, the conductance Gx(y) de-
creases (increases) with increasing λ as shown in Fig.
8. We see from this figure that the conductance is
maximal at E = Vo/2. This behavior is related to
the conservation of the x component of the pseudospin
(cos θ = cosφ ⇒ 〈Sx〉+n = 〈Sx〉−p ) which reduces the pa-
rameter γ− and hence the transmission probability (Eq.
(30)) reaches a maximum. Particularly, for the dice lat-
tice (α = 1), the conductance presents a Λ-shaped peak
at E = Vo/2 which indicates the SKT regime as the case
of the undeformed dice lattice [49]. In this case the con-
ductance takes the value:
GSKTx(y) = 4GoLy(x)
Vo
2π~vy(x)
(35)
The factor 4 accounts for the spin and valley degeneracy.
We conclude that the electronic transport properties in
9the Dirac phase for the deformed α−T3 lattice is similar
to the undeformed case. This behavior is related to the
fact that the particles behave as massless Dirac fermions
in this phase.
G
x(y
)/G
o
L y
(x)
0
2
4
6
α = 0 (HCL)
G
x(y
)/G
o
L y
(x)
0
2
4
6
α = 1/
√
3 Gx = Gy,λ = 1
Gx,λ = 1.2
Gy,λ = 1.2
E/V
o
0.4 0.5 0.6 0.7 0.8 0.9 1
G
x(y
)/G
o
L y
(x)
0
2
4
6
α = 1 (T3)
FIG. 8. (Color online) The conductance along the two di-
rections as a function of the energy for three values of the
parameter α. For each α, we plot the conductance along the
x (red line) and y (blue line) directions for λ = 1.2 which we
compare to the undeformed case (black line with λ = 1). The
step is taken with height Vo = 0.1t for the two orientations.
B. The semi-Dirac and gapped phases
Along the x direction the Dirac fermions traveling the
junction are either massive (gapped phase) or the admix-
ture of massless and massive particles (semi-Dirac phase).
However, in the y direction only the massless particles
travel the junction. We will discuss our results for each
case.
1. Tunneling along the x direction:
We plot in Fig. 9 (a) the conductance Gx (Eq. (18))
as a function of ∆/Eo with a fixed energy Eo = Vo/2
and for different values of the parameter α. The conduc-
tance Gx is normalized to the conductance G
SKT
x of the
SKT regime in the Dirac phase given by (Eq. (35). The
KT and the SKT disappear for ∆ > ∆o indicating the
boundary between the Dirac and the semi-Dirac phases.
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FIG. 9. (Color online) (a) The conductance in unit of GSKTx
as a function of ∆/Eo (Eo = Vo/2) and for the three values of
α. (b) Transmission probability at normal incidence which is
independent of the parameter α and for the three values of the
energy E. Note that Tx(ky = 0, E) = Tx(ky = 0, Vo−E). We
show the three phases: Dirac phase (DP), semi-Dirac phase
(SDP) and gapped phase (GP). Here, GSKTx is the conduc-
tance of the SKT regime in the Dirac phase (Eq. (35)). The
step is taken with height Vo = 0.1t.
When ∆ < ∆o we are in the Dirac phase discussed
above where the two cones are disconnected with a linear
dispersion and only massless particles travel the step with
the probability Tx = 2Tx where Tx is given by Eq. (30).
The SKT and KT regimes are shown respectively in Fig.
9 (a) and (b).
In the gapped phase (E > ∆ ≥ 0), the two Fermi sur-
faces merge and the dispersion relation along the x direc-
tion is quadratic which means that the particles traveling
the junction are massive. In this case the total transmis-
sion probability given by Eq. (A5), can be simplified
when E = Vo/2 as:
Tx =
16q2oq
2
+(γ+ − γ−)γ−
γ2+(q
2
+ + q
2
o)
2
(36)
where qo = −ikx−, q+ = kx+ (see Eq. (9)) and γ± is
given from Eq. (A3). At normal incidence we get a per-
fect reflection for all values of the parameter α and the
energy 0 < E < Vo as depicted in Fig. 9(b). This be-
havior, known as AKT, is a consequence of the conserva-
tion of the pseudospin between the incident and reflected
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FIG. 10. (Color online) Illustration of the transmission probabilities in the semi-Dirac and gapped phases for E = Vo/2. The
arrows represent the orientation of the pseudospin. Red and blue denote respectively the forward and backward propagation
given from the group velocities along the x direction (Eq. (13)). Left: at normal incidence (ky = 0) and for all values of α.
Right: α = 1 and for all values of the incidence angle (ky). (a) Sub-phase (i) (see text): the intervalley reflection R
∓
± destroys
the perfect transmission (KT in the left or SKT in the right). (b) Sub-phase (ii) (see text): perfect reflection at normal incidence
(AKT) (left) while a perfect reflection for ky 6= 0 (right) occurs only when the Fermi surfaces are connected (|ky| < kin). (c)
Gapped phase: perfect reflection at normal incidence (AKT on the left) and a perfect reflection for all ky (SAKT on the
right). The transparency of the junction at normal incidence is a consequence of the conservation of the pseudospin. However,
at oblique incidence (ky 6= 0) and for α = 1, the transparency of the junction is a consequence of the conservation of the x
component of the pseudospin.
waves as illustrated in Fig. 10(c). This behavior is also
related to the fact that the pseudospins of the incident
and transmitted waves are antiparallel [30]. Indeed, the
parameter γ− links the pseudospins corresponding to the
forward propagations in the two regions as shown in red
arrows in Fig. 3 (c) and reads:
γ− =
(
〈Sx〉+n + 〈Sx〉+p
)2
+ cos2 2ϕ
(
〈Sy〉+n − 〈Sy〉+p
)2
(37)
At normal incidence the parameter γ− = 0 which leads
to antiparallel pseudospins: 〈Sx〉+n = −〈Sx〉+p . In the
case of the dice lattice (α = 1) and for E = Vo/2 > ∆
the transmission probability vanishes for all the inci-
dent angles despite the presence of states at the interface
of the junction. This regime is the counterpart of the
SKT found in the Dirac phase which is called anti-super
Klein tunneling (ASKT) [30]. In this case, the parame-
ter γ− = 0 which means that the x components of the
pseudospins of the incident and transmitted waves are an-
tiparallel. Hence, the x components of the pseudospins
between the incident and reflected waves is conserved for
all the incident angles as depicted in Fig. 10(c). The
behavior of the conductance as a function of α in the
gapped phase is opposite to that in the Dirac phase as
depicted in Fig. 9(a) where the junction becomes more
transparent when α decreases which is a consequence of
the pseudospin conservation and the nature of particles
in the two phases.
In the semi-Dirac phase (∆o < ∆ ≤ 0 and E ∼ |∆|)
there are two sub-phases:
(i) for E <∼ −∆ the Fermi surfaces are disconnected
(see Fig. 3 (a)) but the dispersion relation is not linear
around the Dirac points D± (see Eq.(3)) which means
that the current along the x direction is a mixture of mas-
sive and massless particles traveling the junction. In this
case the transmission and reflection probabilities (Eq.
(A4)) at E = Vo/2 can be expressed as:
T ξξ =
4q+q−(γ+ − γ−)
γ+(q+ + q−)2
, Rξ−ξ =
(q+ − q−)2
(q+ + q−)2
Rξξ =
4q+q−γ−
γ+(q+ + q−)2
, T ξ−ξ = 0
(38)
where q± = kx± for E = Vo/2 (see Eq. (9)).
At normal incidence (ky = 0) or for α = 1 the parameter
γ− = 0 which is related to the conservation of the x com-
ponent of the pseudospin as previously discussed in the
Dirac and gapped phases. In this case, the transmission
11
and reflection probabilities (Eq.(38)) become:
T ξξ =
4q+q−
(q+ + q−)2
, Rξ−ξ =
(q+ − q−)2
(q+ + q−)2
Rξξ = T
ξ
−ξ = 0
(39)
When the two Fermi surfaces get closer, the intervalley
reflections Rξ−ξ emerge due to the pseudospin conserva-
tion (see Fig. 10 (a)) and causes the disappearance of
the KT and the SKT.
(ii) for E >∼ −∆ the Fermi surfaces merge when
|ky| < kin =
√
E2−∆2
~vy
where the particles are massive
and disconnected when kin < |ky| < kmax = E~vy (see
Fig. 3 (b)) where we get a mixture of massive and mass-
less particles traveling the junction. The transmission
and reflection probabilities at E = Vo/2 are given from
Eq. (36) when the Fermi surfaces are connected and from
Eq. (38) when they are disconnected. A perfect reflec-
tion occurs when the Fermi surfaces are connected and
particularly at normal incidence where we get the AKT
regime. When the Fermi surfaces are disconnected there
is no perfect reflection as in the sub-phase (i) and then
we cannot get the ASKT regime (see Fig. 10 (b)). How-
ever, notice that the conductance exhibits two opposite
behaviors as a function of the parameter α as shown in
Fig. 9 (a). Firstly, the junction is more transparent when
α increases as in the Dirac phase. This means that the
current along the x direction is dominated by massless
particles. Secondly, the junction becomes less transpar-
ent when α increases as in the gapped phase which in-
dicates the dominance of massive particles. One can see
from Fig. 9 (b) a transition from KT to AKT for all
values of the energy 0 < E < Vo and the parameter α
as the case of the deformed HCL (α = 0) [27]. Likewise,
a transition from SKT to ASKT occurs in the deformed
dice lattice (α = 1) for energy E = Vo/2.
In what follows, we examine the dependence of the
conductance on the energy in the gapped phase. We plot
in Fig. 11 the conductance Gx (in unit of G
SKT
x ) as a
function of the energyE for ∆ = 0 and for different values
of the parameter α. The conductance is enhanced with
decreasing α for all values of the energy. Particularly, at
E = Vo/2 the conductance vanishes for α = 1 indicating
the ASKT regime.
With the increase of α, the conductance shows a tran-
sition from a maximum to a minimum around E = Vo/2.
This effect can be understood as a competition between
two effects. Firstly, the particles can travel through the
junction only if the wave vectors kx+ and qx+ (Eq. (9))
are both real. Consequently, the allowed range of incident
angles (as controlled by ky) is maximum at E = Vo/2,
which leads to a maximum conductance. Secondly, the
transmission probability at E = Vo/2 (Eq. 36) (and sub-
sequently the conductance) decreases as α increases as a
result of the conservation of the pseudospin via the γ−
parameter.
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FIG. 11. (Color online) Conductance along the x direction of
the deformed α − T3 lattice for ∆ = 0 as a function of the
energy and for four values of the parameter α. The step is
taken with height Vo = 0.1t.
2. Tunneling along the y direction:
When the potential step is along the y direction (de-
formation direction), the dispersion relation is linear for
any value of the gap parameter ∆ (see Fig. 2) and hence
the particles traveling the junction are massless. There-
fore, the tunneling along the y direction is similar to that
along the x direction in the Dirac phase. Indeed, from the
expression of the transmission probability Ty along the y
direction (Eq. (26)), the perfect transmission (Ty = 1)
occurs if β− = 0 (Eq. (27)) which is related to the pseu-
dospin conservation:
sin θ = sinφ⇒ 〈Sy〉+n = 〈Sy〉−p
cos 2ϕ (cos θ + cosφ) = 0⇒ cos 2ϕ
(
〈Sx〉+n − 〈Sx〉−p
)
= 0
(40)
where the components of the pseudospin are given by Eq.
(22).
There are two possibilities to get a perfect transmission:
(i) At normal incidence for kx = ±
√
−2m
~2
∆ when ∆ <
0 (Fig. 12 (a)) and kx = 0 when ∆ ≥ 0 (Fig. 12 (b))
for all values of the parameter α and the energy E < Vo.
This perfect transmission is referred to KT which arises
from the pseudospin conservation.
(ii) The regime of the SKT which happens for the de-
formed dice lattice (α = 1) at E = Vo/2, is related to
the conservation of the y component of the pseudospin
〈Sy〉+n = 〈Sy〉−p (dashed arrow in Fig. 12).
We show in Fig. 13 the conductance along the y di-
rection (Eq. (28)) in unit of the conductance in the SKT
regime: GSKTy = GoLx
2
π
(kxmax − kxmin) where kxmax
and kxmin are given from Eq. (29). In Fig. 13 (a) the
conductance is plotted as a function of E/Vo for ∆ = 0.
For α = 1, the conductance presents a Λ-shaped peak
at E = Vo/2 which indicates the SKT regime [49] as
the case of the conductance along the x direction in the
Dirac phase. We plot in Fig. 13 (b) the conductance as
12
n p
FIG. 12. (Color online) Schematic representation of the trans-
mission probabilities along the y direction for different values
of the gap parameter ∆. The arrows represent the orienta-
tion of the pseudospin (Eq. (22)). Red and blue denote re-
spectively the forward and backward propagation given from
the group velocities along the y direction (Eq. (23)). (a)
E > −∆ > 0 (magenta isoenergy) and 0 < E < −∆ (green
isoenergy). The perfect transmission at normal incidence
(kx = ±ko) is a consequence of the pseudospin conservation.
For, E = Vo/2 and α = 1 we get a perfect transmission at
any incidence angle (SKT) which is related to the conserva-
tion of the y component of the pseudospin (dashed arrow).
Here ko = ±
√
−2m
~2
∆. (b) E > ∆ ≥ 0. The perfect trans-
mission at normal incidence (kx = 0) is a consequence of the
pseudospin conservation and the SKT regime as in (a).
a function of ∆/E with a fixed energy E = Vo/2. The
SKT regime occurs in all the phases for α = 1 which is
related to the linear dispersion along the y direction as
depicted in Fig. 2. Finally, the conductance increases
with increasing α as the case of the conductance along
the x direction in the Dirac phase. Note that, a tran-
sition from KT to AKT or from SKT to ASKT can be
done in the gapped phase by the rotation of the junction
V. CONCLUSIONS
In this work we have investigated the effect of a uniax-
ial deformation on the tunneling across a np junction for
the α− T3 model. We have showed that the Dirac cones
move toward each other and merge under a compres-
sive deformation while the flat band remains unchanged.
At moderate deformation (in the Dirac phase), we have
found that the transparency of the np junction in any
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FIG. 13. (Color online) Conductance along the y direction
in unit of the conductance GSKTy in the SKT regime and for
three values of α. (a) Conductance as a function of E/Vo with
∆ = 0. (b) Conductance as a function of ∆/E with a fixed
energy E = Vo/2. The step is taken with height Vo = 0.1t.
direction and for all energies increases with the parame-
ter α and the step becomes perfectly transparent at nor-
mal incidence (KT) for all values of α and the energy
0 < E < Vo. Particularly, for the dice lattice (α = 1)
and for an energy equal to half of the step height, the
junction is fully transparent (SKT) in the Dirac phase.
These results have already been showed in undeformed
α−T3 lattice which can be explained by the fact that the
particles behave as massless fermions in the Dirac phase.
We have demonstrated that the SKT regime in the dice
lattice is related to the conservation of the longitudinal
pseudospin component.
When the Fermi surfaces merge, under the effect of the
deformation, the particles traveling the np junction per-
pendicular to the deformation direction behave as mas-
sive fermions which are totally reflected at normal inci-
dence regardless of the values of α and the energy. This
AKT effect is a consequence of the pseudospin conser-
vation. In the deformed dice lattice (α = 1) and for an
energy equal to half of the step height, the np junction
is fully opaque when the Fermi surfaces merge totally (in
the gapped phase). This SAKT effect is due to the fact
that the longitudinal components of the pseudospins of
the incident and transmitted waves are antiparallel. We
have seen in the gapped phase that the transparency of
the np junction perpendicular to the deformation direc-
tion decreases when α increases in contrast to the case
where it is oriented along the other direction.
The particles traveling the np junction parallel to the
deformation direction behave as massless fermions in all
the phases. Therefore, all the tunneling properties as
the KT and the SKT remain valid for any strength of
deformation. Finally, a transition from the KT (SKT) to
the AKT (SAKT) can be realized by the rotation of the
junction in the gapped phase or by a continuous uniaxial
deformation perpendicular to the junction.
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Appendix A: The total transmission probability
along the x direction:
The total transmission probability depends on the
topology of the Fermi surfaces in the two regions, as
depicted in Fig. 4, which can be summarized in four
situations:
(i) The two Fermi surfaces are disconnected in the two
regions n and p with four transmission amplitudes tξξ
and tξ−ξ where ξ = ± is the valley index (Fig. 4 (a)).
By applying the matching conditions (Eq. (16a) and Eq.
(16b)) at x = 0 for the total wave function given from
Eq. (15), we obtain a system of four equations:
1 + rξξ + r
ξ
−ξ = −tξξ − tξ−ξ
aξ + a−ξrξξ + a
ξrξ−ξ = b
−ξtξξ + b
ξtξ−ξ
kξ + k−ξr
ξ
ξ − kξrξ−ξ = −q−ξtξξ + qξtξ−ξ
aξkξ + a
−ξk−ξr
ξ
ξ − aξkξrξ−ξ = b−ξq−ξtξξ − bξqξtξ−ξ
(A1)
where aξ = ξ cos θ − i cos 2ϕ sin θ and bξ = ξ cosφ −
i cos 2ϕ sinφ with θ and φ given from Eq. (11). The
wave vectors kξ = kxξ and qξ = qxξ are given by Eq.
(9). We omit the index x for simplicity. By solving these
equations, we obtain the transmission and reflection am-
plitudes:
tξξ =
−2kξ
(
aξ − a−ξ) (aξ + bξ) (k−ξ + qξ)
γ+ (kξ + q−ξ) (k−ξ + qξ)− γ− (k−ξ − q−ξ) (kξ − qξ)
tξ−ξ =
2kξ
(
aξ − a−ξ) (aξ + b−ξ) (k−ξ − q−ξ)
γ+ (kξ + q−ξ) (k−ξ + qξ)− γ− (k−ξ − q−ξ) (kξ − qξ)
rξξ =
2kξ
(
aξ + b−ξ
) (
aξ + bξ
)
(q− + q+)
γ+ (kξ + q−ξ) (k−ξ + qξ)− γ− (k−ξ − q−ξ) (kξ − qξ)
rξ−ξ =
γ+ (kξ − q−ξ) (k−ξ + qξ)− γ− (k−ξ − q−ξ) (kξ + qξ)
γ+ (kξ + q−ξ) (k−ξ + qξ)− γ− (k−ξ − q−ξ) (kξ − qξ)
(A2)
where γ± is given by:
γ± = (cos θ ± cosφ)2 + cos2 2ϕ(sin θ + sinφ)2 (A3)
(ii) The two Fermi surfaces are connected in the two
regions (Fig. 4 (d), (e)): there is only one transmission
amplitude t = t+− and one reflection amplitude r = r
+
−
where t+− and r
+
− are given from Eq. (A2) by replacing
k− with −k−.
(iii) The two Fermi surfaces are connected in the region
n and are disconnected in the region p (Fig. 4 (c)): there
are two transmission amplitudes t+ = t
+
+ and t− = t
+
−
and one reflection amplitude r = r+− given from Eq. (A2)
by replacing k− with −k−.
(iv) The two Fermi surfaces are disconnected in the
region n and have merged in the region p (Fig. 4 (b)):
there are two transmission amplitudes t+ = t−+ and t
− =
t−− and four reflection amplitudes r
ξ
ξ and r
ξ
−ξ (ξ = ±)
that are given from Eq. (A2). The transmission and
reflection probabilities are given by:
T ξξ =
∣∣Jx [ψξ−ξp (x > 0)]∣∣∣∣∣Jx [ψξξn (x < 0)]∣∣∣ =
∣∣∣∣q−ξ cosφkξ cos θ
∣∣∣∣ ∣∣∣tξξ∣∣∣2
T ξ−ξ =
∣∣Jx [ψ−ξξp (x > 0)]∣∣∣∣∣Jx [ψξξn (x < 0)]∣∣∣ =
∣∣∣∣qξ cosφkξ cos θ
∣∣∣∣
∣∣∣tξ−ξ∣∣∣2
Rξξ =
∣∣Jx [ψξ−ξn (x < 0)]∣∣∣∣∣Jx [ψξξn (x < 0)]∣∣∣ =
∣∣∣∣k−ξkξ
∣∣∣∣ ∣∣∣rξξ ∣∣∣2
Rξ−ξ =
∣∣Jx [ψ−ξξn (x < 0)]∣∣∣∣∣Jx [ψξξn (x < 0)]∣∣∣ =
∣∣∣rξ−ξ∣∣∣2
(A4)
The current Jx is given from Eq. (17) and the wave
functions ψξξ
′
n,p(x) from Eqs. (10a) and (10b). Finally,
the total transmission probability along the x direction
is given by:
Tx =


T++ + T
+
− + T
−
+ + T
−
− situation (i)
T situation (ii)
T+ + T− situation (iii)
T+ + T− situation (iv)
(A5)
Appendix B: The transmission amplitude along the
y direction:
Applying the matching conditions (Eq. (25)) at x = 0
for the total wave function given from Eq. (24), we obtain
a system of two equations:
1 + r = −t
a+ + a−r = b−t
(B1)
where a± = cos 2ϕ cos θ ∓ i sin θ and b− = cos 2ϕ cosφ +
i sinφ with θ and φ given from Eq. (11). Straight for-
ward, the transmission amplitude is given by:
t =
a+ − a−
b− + a−
(B2)
∗ Electronic address: lassaad.mandhour@istmt.utm.tn
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